Hyperelastic transformation method provides a promising approach to manipulate elastic waves by utilizing soft materials. However, no existing constitutive model can rigorously achieve the requirement of such method. In this Letter, a linear strain energy function (SEF) is proposed, which can be implemented to control the longitudinal and shear elastic waves simultaneously. In comparison with the neo-Hookean and the semilinear SEFs, the wave propagation and the impedance of pre-deformed linear hyperelastic material are exploited. Numerical simulations are performed to validate the theoretical results. The investigation may pave the ways for the design and realization of soft transformation devices.
Introduction
In the past two decades, the transformation method 1 , as a means of designing complex media that can bring about unprecedented control of wave field, has drawn considerable attention in different realms of physics 2, 3 . Recently, by analogy with such method, a hyperelastic transformation method (HTM) has been proposed [4] [5] [6] [7] , providing the elastic waves can be precisely controlled by a pre-deformed soft material with specified strain energy function (SEF). Compare to the traditional approach, HTM eliminates the requirement of microstructures, and therefore, exhibits remarkable potential for nondispersion and broadband wave manipulation.
The elastodynamic behavior of a hyperelastic material is highly dependent on its constitutive model 8 . In HTM, to bridge the small-on-large theory and the asymmetric transformation relation 9 , the SEF W is required to satisfy
in which F is the deformation gradient tensor, and 0 A is a constant tensor equals to the stiffness of the un-deformed material.
While the theory has been well established, the corresponding theory on material implementation is less well developed. For most of the existing hyperelastic models, Eq. (1) reveals that without the out-of-plane extension constraint, only longitudinal wave (P-wave) can be accurately controlled by semi-linear material. In this context, there is strong motivation to explore the existence of the SEF for simultaneous control of P-and S-waves, which is essential for applications of HTM.
In this Letter, we report a linear SEF that possesses as an ideal model for HTM.
Comparing with the neo-Hookean and semi-linear SEFs, we investigate the wave propagation and impedance of the linear hyperelastic material which are subjected to pre-deformation. Both theoretical and numerical analyses demonstrate the effective wave manipulation of the linear SEF.
The Letter is organized as follows. The proposed linear SEF and the other SEFs considered throughout this Letter are introduced in Section 2. Elastic wave propagation behavior in hyperelastic materials under simple-shear and uniaxial-tension is investigated in Section 3. Furthermore, transmission and reflection of elastic waves at the interface between un-deformed and pre-deformed hyperelastic materials are illustrated in Section 4. Finally, a discussion on our results and avenues for future work are provided in Section 5.
Strain energy functions for hyperelastic transformation method
For the sake of simplicity, we consider all the SEFs to be in their two-dimensional forms.
Therefore, the linear SEF can be expressed as
in which (
in which 1 I is the first invariant of the right Cauchy-Green tensor,
F is the volumetric ratio. Meanwhile, the semi-linear model can be written as
in which   E U I with T  U F F the right stretch tensor, and I is the unit matrix.
In the following analyses, we choose The parameter combination refers to a compressible variant of the rubbery material PSM-4.
Elastic wave propagation in homogeneously deformed hyperelastic materials
The main feature of the HTM is to steer waves along with pre-deformation. Therefore, to testify about the suitability of a specified SEF for HTM, we first investigate the wave propagation in pre-deformed material. For the ease of analysis, the deformation is considered to be homogeneous, so that the elastic waves travel in straight paths.
Theoretical analyses
Theoretically, for a hyperelastic material with homogeneous pre-deformation, the wave manipulation capability can be evaluated by the phase slowness P,S S and the polarization direction i x of the elastic waves, both of which can be obtained by solving the eigenvalue problem governed by the Christoffel equation 13 .
In the first situation, we consider the hyperelastic materials which are subjected to simple-shear. The deformation can be specified by applying a body displacement Fig.1 (a) . Correspondingly, the deformation gradient can be described as More specifically, we consider the waves that originally horizontally propagate in an un-deformed hyperelastic material, and inquire into the shift angles  , equal to the shear angle, i.e.
In addition to further demonstrating the wave control capability of linear SEF, the result also indicates that P-and S-waves propagate along the same path in semi-linear material with simple-shear deformation, although the slowness of the two wave modes slightly differ from each other. It is also worth noting that the coincidence of the wave paths is independent of the material parameters and the degree of the deformation. In the second situation, we consider a symmetric deformation, e.g. uniaxialtension, which is applied on the hyperelastic materials. The deformation can be accomplished by applying a displacement 3 7 m Before and after the uniaxial-tension, the path of horizontally propagated waves will not be affected. Whereas to varying degrees, the wavelengths will change due to the material elongation. By utilizing the slowness at the right intersections of the slowness curves and the horizontal axis, the elongation ratio of the wavelengths can be easily obtained by some simple algebraic calculation. As shown in Fig corresponds to the wavelength elongation equals to 10 7   , the material elongation.
The corresponding slowness of the neo-Hookean SEF is A steady-state analysis of the elastic waves propagate in uniaxial-tensioned hyperelastic material is also performed 14 . Both qualitative result and quantitative information are shown to be in consistent with the theoretical predictions.
Numerical simulations

Elastic wave impedance of homogeneously deformed hyperelastic materials
In transformation method, apart from wave path control, impedance matching between transformation media and background is also of great significance. In this sense, we consider the elastic waves incident on a plane interface between un-deformed and predeformed hyperelastic materials. For simplicity, normal incidence is considered to avoid mode conversion at the interface.
Theoretical analyses
In the framework of small-on-large theory, pre-deformed hyperelastic material usually exhibits effectively anisotropy. Therefore, the classical theory The transmission and reflection of elastic waves at the interface between an undeformed and a uniaxial-tensioned hyperelastic material are plotted, as illustrated in With a good agreement with the theoretical predictions, total transmission is apparent in the cases of linear SEF with both P-and S-wave incidence, neo-Hookean SEF with S-wave incidence, and semi-linear SEF with P-wave incidence, as shown in Fig. 3 (a) , (b), (d) and (e), respectively. Minor reflection is noticeable for neo-Hookean SEF with P-wave incidence, as shown in the line graph of Fig. 3 (c) , whereas a comparatively large reflection is noticeable for semi-linear SEF with S-wave incidence, as shown in Fig. 3 (f) .
Moreover, we also investigate the transmission and reflection of elastic wave at the interface between the un-deformed and the simple-sheared hyperelastic materials 14 .
Once again, the results confirm the wave manipulation capability of the linear SEF.
Conclusion
In this Letter, we have proposed a linear SEF which can satisfy the condition required by HTM. By conducting the theoretical and numerical analyses, it has demonstrated that the hyperelastic material characterized by linear SEF can fully steer the elastic wave by pre-deformation. Meanwhile, the wave impedances of the pre-deformed material perfectly match with those of the deformation-free one.
For comparison, the wave propagation behavior and impedance of pre-deformed neo-Hookean and semi-linear materials have also been studied. The results on wave propagation are in consistent with previous findings 7, 8, 10 . Besides, it has been observed that even for asymmetrical pre-deformation, the wave path can still be accurately controlled by semi-linear material. However, the wave modes will transform into quasiones. At the interface between un-deformed and pre-deformed hyperelastic material, , microstructure design may be another route to conceive the novel hyperelastic metamaterials.
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Small-on-large theory and hyperelastic transformation method
The theory of small-on-large is applied to investigate the problem of linear waves propagation in finitely deformed material. 
with a pushing forward operation on the elastic tensor A and the initial mass density
where det( ) J  F is the volumetric ratio.
The governing equation of linear elastic waves has the same form as Eq.(S2), i.e. , , ( ) ,
where C is linear elastic tensor. In the theory of transformation elastodynamics, Eq.(S4) preserves its form under asymmetric transformation relations
where C ,  and  C ,  are the material parameters expressed in the virtual space x  and the physical space X  , respectively. These two spaces are connected by the
 is the Jacobian of F  . According to Eq.(S5), one can map the wave field from the virtual space to the physical space by introducing the anisotropic and/or inhomogeneous material parameters  C and '  .
Moreover, the Cosserat form elastic tensor is required in Eq.(S5). 
In this fashion, the deformation gradient F of the hyperelastic material automatically becomes the mapping F  required by the asymmetric transformation relations.
Simultaneously, the asymmetric elastic tensor  C required by the asymmetric transformation relations can be maintained by 0 A , implying the materials used for transformation devices can be implemented by such deformed hyperelastic solids without introducing any microstructures.
Elastic wave propagation in homogenously deformed hyperelastic material
For a homogenously deformed hyperelastic material, incremental plane waves can be expressed in the form of 
Transmission and reflection of elastic waves at the interface between undeformed and deformed hyperelastic material
At the interface between un-deformed and deformed hyperelastic material, the particle velocity and the stress which are caused by elastic waves must be continuous,
i.e. For a plane interface at 1 x a  , the particle velocity of the incident S-wave, and the stress caused by particle vibration at the interface of the un-deformed domain can be expressed as
in which the subscript inc indicates the incident wave, the subscript 1, 2 i  denotes the component of the spatial coordinate x , and A is the amplitude of incident S-wave.
Similarly, the particle velocity and the stress of the P-and S-waves emerged during reflection and transmission at the interface between the un-deformed and the deformed areas can be expressed as As quasi-mode elastic waves may exist in the pre-deformed hyperelastic materials, it is necessary to introduce a polarization angle  as the angle between the polarization direction i x and the spatial direction i x . In this fashion, Eq.(S15) and
Eq. (S16) can be expressed in the spatial coordinate x . Together with Eq. (S13) and (S14), Eq.(S9) can be written as
Meanwhile, Eq.(S10) can be expressed as I I I I I 0 0 cos sin ,
By solving Eq.(S17) to Eq.(S20), the transmission and reflection coefficients m ns  , can be obtained as II II  2  I II  I II  2  I II  II I 
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For m ns  , the superscript P, S m  denotes wave mode of the incident wave, the subscript T, R n  denotes the transmission and reflection waves, while the subscript P, S s  denotes the wave-mode of the transmission or reflection waves.
Similarly, for the P-wave propagates alone the 1 x -direction, the transmission and reflection coefficients can be obtained as
Numerical implementation
The numerical examples are accomplished by a two-step model using the software COMSOL Multiphysics. In the first step, the finite deformation of the hyperelastic material is calculated with the solid mechanics module. After which, the deformed geometry configuration, together with the deformation gradient F , is imported into the second step.
Steady state analysis
For steady state analysis, the second step is to simulate the linear elastic wave motion governed by , respectively. The P-wave lengths in the three deformed SEFs are almost identical. Moreover it is worthy to notice that the S-wave length in deformed semilinear material is different from that of the other two SEFs. (a), (c), (e), (h) P-wave incidence; (b), (d), (f), (h) S-wave incidence.
Transient Analysis
For transient analysis, the second step is to simulate the linear elastic wave propagation governed by Eq.(S2). Again, the weak form PDE module is applied to deal with the asymmetry of the elastic tensor 0 A .
The transmission and reflection of elastic wave at the interface between the undeformed and the simple-sheared hyperelastic materials are shown in Fig. S2 . With a good agreement with the theoretical predictions, total transmission can be observed in the case of linear SEF and neo-Hookean SEF with both P-and S-wave incidence, and semi-linear SEF with P-wave incidence, as shown in Fig. S2 
